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An analytical approach is used to calculate an ion energy distribution function �IEDF� in a dual frequency
�DF� collisionless rf discharge in argon. Three possible limit regimes for frequency relations in the DF dis-
charge are discussed. The analytical IEDF is obtained for the intermediate-frequency case, which is most
applicable in plasma-processing technologies. The analytical expressions for an ion spectrum width as well as
for the minimum and maximum ion energies are derived. The analytical theory is compared with a particle-
in-cell Monte Carlo numerical simulation and also with the results of a semianalytical model.
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I. INTRODUCTION

Low pressure capacitively coupled radio frequency plas-
mas �CCP� have been used successfully for several decades
in the microelectronics industry for plasma etching, deposi-
tion, and surface treatment. Recently, a new generation of
CCP plasma driven by two rf sources, dual-frequency capaci-
tive coupled plasma �DF CCP�, was developed to realize
more flexible control of the ion fluxes and ion energies at the
substrates �1–5�. The experimental and theoretical study of
DF CCP plasma is of great interest due to its wide applica-
tion for anisotropic and selective etching �6–21�. The use of
two widely different rf frequencies allows the separate con-
trol of a plasma density and the energies of ions impinging
on a substrate. The plasma density is determined by the input
power at high frequency �HF�, and the ion energy by the
input power at low frequency �LF�. In that way, it is possible
to achieve more flexible control of the plasma parameters
and etching characteristics. However, the DF plasma is a
nonlinear system and coupling between frequencies can in-
fluence the perfect and precise control of the ion flux and the
ion spectrum on the sample. At present, both theoretical
�6–20� and experimental �2–5,21� investigations are being
performed in order to find the optimum discharge parameters
for frequency decoupling.

The ion energy and angular distribution function �IEDF,
IADF� at the substrate play a crucial role in plasma process-
ing because of the strong influence of the surface reactions.
A kinetic approach based on the particle-in-cell with the
Monte Carlo collision �PIC MCC� method �22,23� is mainly
used for the numerical simulation of DF CCP discharges and
IEDF calculations. In �7–12,20,24–27� numerous simula-
tions of symmetric �7,9,10� and asymmetric �8� dual-
frequency �7–14,26,27� and single-frequency �7,24� dis-
charges were performed in pure argon �11–14,24� as well as
in complex gas mixtures such as Ar /CF4 and Ar /CF4 /N2
�7–10,26,27�. The self-consisted PIC MCC model is the most
correct one but takes a lot of computational time. Therefore,
one needs some methods for the quick analysis of the plasma
and IEDF properties in the given physical conditions. Also,
pure numerical simulations lose some lucidity in the details
and interrelation of physical processes.

In a number of works, semianalytical models of electrode
sheath are applied for the IEDF calculations. In these mod-

els, an ion spectrum is obtained by the integration of the
equation of ion motion in the specified electric field E�x , t�
�20,28–30� using the Monte Carlo method or from the nu-
merical solution of the system of equations taking into ac-
count the electric field distribution �16,31–33�. In recent pa-
pers, self-consisted hybrid models of the dual-frequency
sheath �34� or the whole discharge �35� have been intro-
duced, coupled with the Monte Carlo method for the inves-
tigation of the IEDF and ion angle distribution.

Though the methods mentioned above reduce the compu-
tational time and shed light on the discharge organization,
the development of pure analytical approaches is also neces-
sary. Analytical models of the discharge sheaths, IEDF for-
mation, and the whole discharge allow fast analysis of the
plasma properties and are required for their forecasting with
changing of the external parameters. However, the develop-
ment of the analytical models has turned out to be a compli-
cated task for the strongly nonlinear systems under consid-
eration. In this case, the essential simplifications should be
applied, and the correctness of such simplifications requires
additional validation in any specific case.

Ions gain their energy mainly in the electrode sheath re-
gion, where the electric field is much higher than in the
plasma bulk region. So, the spatialtemporal characteristics of
the sheath will determine the IEDF structure.

The temporal characteristic of the sheath is a relation of
the ion transit time through the sheath �ion and the rf period
�rf. There are two limit regimes for the single frequency �SF�
discharges: the low-frequency �LF� regime ��ion��rf� and the
high-frequency �HF� regime ��ion��rf�. In the HF regime,
ions cross the sheath for many periods of the electric field
and they respond to the average sheath potential drop. In the
collisionless sheath, the IEDF in the HF regime should be
close to a monoenergetic function. In the LF regime, ions
cross the sheath for a small part of the rf period and trace the
instantaneous value of the sheath electric field. So, the final
ion energy at the electrode will depend strongly on the phase
of the sheath electric field at which the ions come into the
sheath.

In DF discharges with the low �l and high �h frequencies,
there are three limit regimes: the high frequency �HF� �ion
��l��h, the intermediate frequency �IF� �h��ion��l, and
the low frequency �LF� �ion��h��l. The frequency regime
will be discussed in more detail in Sec. II.
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The essential contribution to the development of the ana-
lytical sheath models of the SF discharge was made in
�36–38�. In �17,18�, the model �37� was extended for the DF
case. The main assumption of these models is the ion motion
in the average electric field �HF limit�. A global analytical
model of the DF discharge is presented in �19�. This model is
based on an assumption of the constant profile of the ion
concentration.

In �39�, an analytical sheath model for DF CCP plasma is
introduced for the case in which an ion is postulated to re-
spond to an instantaneous electric field. This model gives an
expression for the sheath potential and the ion density in the
sheath, but a study of the IEDF in the frame of this model
has not yet been performed.

The analytical IEDF in the single-frequency �SF� dis-
charge within a high-frequency limit is presented in �40–43�.
This is the case when the ion transit time is much higher than
the rf period, and the energy of the ions impinging a sub-
strate is determined by the average plasma potential. Never-
theless, taking into account the high-frequency modulations
leads to the weak bimodal form of the ion spectrum. In �7�,
the approach described in �40–43� was extended to the DF
case, and the analytical IEDF in the DF discharge was ob-
tained for the case when the ion transit time through the
sheath is higher than the low-frequency �LF� period.

In �44�, a method for computing the IEDF based on the
concept of the effective voltage seen by ions crossing the
sheath is introduced. The effective voltage is found from the
analytical expression for the sheath voltage from model �17�
through the transfer function for the Fourier transform of this
sheath voltage. The parameters for the transfer function were
found by fitting the analytical results to the PIC MCC simu-
lation. A detailed review of different approaches and numeri-
cal models for IEDF is presented in �45�.

Though dual-frequency discharges are often operated un-
der conditions close to the IF limit �2 MHz–27 MHz,
1.76 MHz–81 MHz� the analytical expression for the IEDF
form in the DF discharges was not received in this case. For
the derivation of the analytic form of the IEDF, which can
qualitatively give the features of the ion spectra in the IF
limit, the simplified sheath model was used in this paper. In
the frame of this model, the analytic expressions for the
IEDF, peak position, and IEDF width were obtained for the
first time. The comparison of the analytical and numerical
IEDFs shows that, in spite of the simplifications made, the
analytical approach gives the main properties of the ion spec-
tra in the IF limit.

In the present work, the analytical expressions for the
IEDF in SF and DF cases are obtained in the framework of
the linear sheath model �19�. In the SF discharge, the low-
frequency limit was considered when the ion transit time is
much lower than the rf period. In the DF discharge, the
intermediate-frequency case was considered when the ion
transit time through the sheath is much lower than the LF
period and much higher than the HF period. This regime is of
great interest since it is often realized in real processing con-
ditions. The different limit regimes for frequency relations
are discussed in detail in Sec. II, as well as the main prin-
ciples of the present analytical model. The analytical expres-
sions for the IEDF in the SF and DF cases are derived in Sec.

III. The results of the analytical model were validated using
the self-consistent and semianalytical numerical simulations
of the DF discharge. The details of the numerical models
used are described in Sec. IV. The analytical calculations are
compared with the numerical results in Sec. V. The main
conclusions are summarized in Sec. VI. All the simulations
are performed for the DF discharge in pure Ar at a rf fre-
quency ratio of 1.76 MHz /81 MHz.

II. MAIN PRINCIPLES OF THE ANALYTICAL MODEL
AND CLASSIFICATION OF THE FREQUENCY

REGIMES

Before the IEDF description in the SF and DF discharges,
we will first describe briefly the basic assumptions and prin-
ciples of the analytical sheath model. The expression used
for the electric field distribution in the sheath follows the
linear sheath model as follows:

E�x,t� = �2V0

sm
2 �x − s1�t�� , x � s1

0, x � s1,
� �1�

where sm is the maximum sheath width, and V0 is the applied
electrode voltage. In the DF case, V0=Vl+Vh, where Vl and
Vh are the voltages at low and high frequency, respectively.
s1�t� is the moving bulk-sheath boundary, which is evaluated
by the formula

s1�t� =
sm

2
�1 + cos �t� �2�

in the SF case, and

s1�t� =
sm

2
�1 +

Vl

Vl + Vh
cos��lt� +

Vh

Vl + Vh
cos��ht�� �3�

in the DF case. Equation �3� can be derived from the global
model of the DF discharge �see, for example, �19,20��. The
linear approximation of the electric field in Eq. �1� conforms
to the assumption of the homogeneous ion density profile in
the sheath �36�.

The ion energy spectrum is determined by many discharge
parameters, such as the sheath structure, the presence of ion-
neutral collisions in the sheath, the dependence of ion-neutral
collision cross sections on the ion energy, the ion velocity
distribution at the plasma-sheath boundary, and the multi-
component ion composition in the case of complex gas mix-
tures. Therefore, the analytical calculation of the IEDF is
difficult to perform in a general case. Nevertheless, the ana-
lytical IEDF can be derived in a number of limiting cases
that are physically important for the better understanding of
the IEDF formation mechanism. One of these cases is a col-
lisionless mode at low gas pressures, when the ions free path
� is much larger than the maximum sheath width sm �sm
���. The collision case takes place at sm��.

Let us estimate the lower limit of Ar pressures at which
ion collisions with neutrals have an influence on the ion en-
ergy spectrum. The results of �20� for the DF discharge are
used for further estimations and calculations. From the PIC
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MCC calculations �20�, the sheath width sm	0.2 cm in a
pressure range of 20–45 mTorr and at a gap of 2.4 cm. The
charge transfer cross section is �ct
4–8	10−15 cm2 for ar-
gon �46�, thus collisions begin to play a role at concentra-
tions of Ar n0
0.6–1.2	1015 cm−3, i.e., at pressures of p

20–40 mTorr. Thereby, the sheath is weakly collisional in
the conditions of study.

As noted above, another key parameter that determines
the ions energy spectrum is the relation between the ion tran-
sit time through the sheath �i and the rf period �rf. In addition
�i strongly depends on the electric field in the sheath and the
corresponding ion density. There are two limit regimes for
the SF discharges—the low-frequency �LF� regime

�i � �rf, � � �i, ��i � 1, �4�

and the high-frequency �HF� regime

�i � �rf, � � �i, ��i � 1, �5�

where the plasma frequency is

�i
2 =

4�e2ns

M
, �6�

and ns is the typical ion concentration in the sheath. In the
HF regime, ions take many rf cycles to cross the sheath and
the ion energy at the electrode corresponds to the average
plasma potential Up. In the present sheath model, the average
plasma potential is evaluated by the formula �47�

Up =
3

8
eV0. �7�

In this case, the ion energy spectrum should be close to the
monoenergetic one �36,40–43,45,47�.

For typical ion concentrations in the sheath of ns
	107–109 cm−3 �as resulted from the PIC MCC simula-
tions�, we have �i	106–107 s−1. Therefore, at rf frequencies
higher than 10 MHz, the HF regime takes place, and the
frequency decreasing below 10 MHz results in the gradual
transition to the LF regime.

In the DF discharge with the low �l and high �h frequen-
cies �l��h, there are three limit regimes as follows:

high frequency �HF�, �i � �l � �h, 1 � �l�i � �h�i,

�8�

intermediate frequency �IF�, �l � �i � �h,

�l�i � 1 � �h�i, �9�

and

low frequency �LF�, �l � �h � �i, �l�i � �h�i � 1.

�10�

In the first case, the ions’ motion occurs in the time-
average electric field. As a result, in the collisionless sheath,
the ion spectrum should be close to the monoenergetic one
with the energy corresponding to the average plasma poten-
tial. The analytical IEDF for this case is derived in �7,9�. In
the papers referred to above, the less strict inequality was
considered �i��l��h when the IEDF has a weak bimodal

shape �at �i��l��h, two peaks merge into one�. The base
approach in �7,9� was the description of the ion motion in the
time-average field, and the LF modulation was then taken
into account as an amendment.

In contrast to �7,9�, we will consider the IF regime �l
��i��h. This case is most interesting for technological ap-
plications since one of the necessary conditions for fre-
quency decoupling is the use of two widely different fre-
quencies.

III. ION ENERGY DISTRIBUTION FUNCTION

A. Single-frequency discharge: Low-frequency regime

Before the derivation of the IEDF in the DF discharge, let
us consider the case when inequality �4� is satisfied, i.e., the
SF LF regime. This case will be a starting point for the
analytical description of the ion spectra in the DF discharge.

The energy gained by the ion in the electric field �1� is

�i = e�
s1��

0

E�x,�dx = eV0
s1

2��
sm

2 . �11�

Here we denoted a field phase �t=, in which the ion runs
into the movable plasma-sheath boundary s1�t�. The case 
= �� corresponds to s1=0; =0 corresponds to s1=sm.
Since the LF case is considered, it is assumed that the elec-
tric field does not essentially change during the ion transit
time through the sheath. As can be seen from expression
�11�, the variation of the gained energy is controlled only by
. Then, in order to determine the ion energy distribution
function F��i�, one has to find the relative part of the ions
entering the plasma boundary s1 just in this phase.

F��i� =
dN

d�i
=

dN

d

d

d�i
. �12�

Here N is the number of ions which entered the sheath. Al-
though the ions come to the maximal sheath boundary sm at
different points in time, they can nevertheless run into the
movable boundary at the same field phase . This is ex-
plained by the initial ion velocity distribution at the plasma-
sheath boundary.

Let us designate the IEDF at sm as f�v , t� and assume it is
isotropic and independent of time: f�v , t�= f���. The total
number of ions that enter through the sheath boundary sm
during one cycle of s1 oscillations is derived by the following
expression:

N = �i
2�

�
=

2�

�
�

v
� cos �f����2d� sin �d��

−�

�

d0.

�13�

Here the integration over ion velocities is carried out in
spherical coordinates, and the z axis is directed to the left
electrode. �i is the ion flux density at the electrode, and 0 is
the phase in which ions come to the maximal sheath bound-
ary sm. In addition, 0 is directly related to phase  as fol-
lows:
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0��,�,� =  −
��sm − s1���

� cos �
. �14�

Then the phase distributions of the ions that run into the
movable boundary s1�t� may be obtained from the following
expression:

F�� =
dN

d
= C

2�

�
�

v
� cos �f����2d� sin �d�

	�
0

min

0
max

�„� − 0��,�,�…d� . �15�

Here 0
min and 0

max are the limited values of 0, depending
on the ion velocity direction and its absolute value, and C is
the normalization factor, defined by the formula

�
−�

�

F��d = �i
2�

�
. �16�

The internal integral of the delta function in Eq. �15� is equal
to

�
0

min

0
max

�„� − 0��,�,�…d�

= �1, 0
min � 0��,�,� � 0

max

0, 0��,�,� � 0
min, 0��,�,� � 0

max.


�17�

Expression �17� specifies the integration ranges over � and �.
At that, three cases are possible, as can be seen in Figs.
1�a�–1�c�.

In the first case �Fig. 1�a��, ions run into the approaching
boundary. Here �−� , . . . ,0, 0

min
−2�, and 0
max corre-

sponds to the ion that enters the sheath perpendicularly to the
electrode. In this case, the integration ranges are evaluated
by the formulas

� 
 �min =
��sm − s1���

 + 2�
, �18�

cos � 

�min

�
. �19�

F�� has the following form:

F�� = C
�

�
�

�min

�

�3f����1 −
�min

2

�2 �d� . �20�

In the last two cases �Figs. 1�b� and 1�c��, ions run into the
recessive boundary. Here �0, . . . ,�, and 0

min is deter-
mined by a tangent to s1�� lined from the point with phase
. Figure 1�b� illustrates the case when s1���sm /2, . . . ,sm,
and the point of tangency coincides with the point  itself. In
this case, formula �18� is replaced by the analogical one as
follows:

� 
 �min =
�sm

2
sin  . �21�

In the interval s1���0, . . . ,sm /2, parameter 0 varies
within the weak bounds �see Fig. 1�c��; therefore, for further
estimations, we will use the value of 0

min
� /2−1 in the
boundary phase. Then, instead of Eq. �18�, we have the in-
equality

� 
 �min =
��sm − s1���

 −
�

2
+ 1

. �22�

Expressions �19� and �20� are valid in all three cases. In the
studied range of plasma parameters the length of the plasma
bulk is higher than the ion free path �. Namely, in the PIC
MCC simulation we consider the DF CCP discharge with an
electrode gap of 2.4 cm and a pressure of 20 mTorr. The
sheath width sm is about 0.2 cm. And � is about 0.15 cm for

(b)(a) (c)

FIG. 1. �a� Diagram of a moving sheath boundary s1�t� in the SF discharge. Case 1: ions that run into the approaching boundary in phase
 come from the shaded triangle; �−� , . . . ,0. �b� Diagram of a moving sheath boundary s1�t� in the SF discharge. Case 2: ions that run
into the recessive boundary in phase  come from the shaded triangle; s1��� �sm /2;sm�. �c� Diagram of a moving sheath boundary s1�t� in
the SF discharge. Case 3: ions that run into the recessive boundary in phase  come from the shaded triangle; s1��� �0;sm /2�.
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the pressure of 20 mTorr. So the sheath is weakly collisional,
and the plasma bulk is collisional. These parameter relations
allow us to assume the isotropic shape of the IEDF for ions
entering the sheath from the plasma bulk. If the Maxwellian
distribution of the ion velocities at the sheath boundary sm is
assumed, the expression for F�� takes the form

F�� =
dN

d
= C

�i

�
exp�−

m�min
2

2kTi
� , �23�

where Ti is the characteristic ion temperature in the bulk
plasma.

In that way, we have found the portion of ions that run
into s1 just in phase . In order to find the IEDF at the
electrode, it is necessary to calculate d /d�i, as can be seen
from Eq. �12�. Let us introduce parameter � as follows:

s1��
sm

= �, 0 � � � 1. �24�

Phase  is a single-value function of this parameter.

 = � arccos�2� − 1� . �25�

We can derive the following expression for � from Eq. �11�:

� =
s1��

sm
=� �i

eV0
, 0 � � � 1. �26�

Then

d

d�i
=

d

d�

d�

d�i
=

1
���1 − ��

1

2�eV0
. �27�

For all three cases described above,

�min = �smfk��� , �28�

�k��� =
dN

d

d

d�i
= C1���exp„− Afk

2���…, k = 1,2,3,

�29�

f1��� =
�1 − ��

2� − arccos�2� − 1�
, f2��� = ���1 − �� ,

f3��� =
�1 − ��

−
�

2
+ 1 + arccos�2� − 1�

, �30�

C1��� =
C

eV0

�i

�

1

2����1 − ��
, A =

m�2sm
2

2kTi
=

�2

�i
2

eV0

kTi
.

�31�

Since, in the interval of �−� , . . . ,�, there are two phase
points that correspond to the same ion energy, then the IEDF
finally takes the form

F��i� = ��1��� + �3��� , 0 � � �
1

2

�1��� + �2��� ,
1

2
� � � 1.� �32�

In Eq. �32�, term �1��� represents the ions that run into the
approaching sheath boundary, and terms �2��� and �3���
correspond to the ions which run into the recessive boundary.

Let us analyze the obtained analytical solution for the
IEDF. First, it follows from Eq. �26� that the ion energy
varies in the range of 0��i�eV0. This is the expected result
granting the initial assumption for the energy gained by the
ion in the sheath. Second, as can be seen from Eq. �29�, the
IEDF depends on parameter A �31� that determines the ratio
between the ion velocities and the moving boundary velocity.
In the present approach, A is the only parameter that controls
the ion energy spectrum. We have considered the case of �
��i, although the second multiplier in Eq. �31� appears as
usual to be much higher than unity: eV0�kTi. Thus, param-
eter A may attain values that are higher or less than unity.

Figure 2 presents the IEDF as a function of parameter A
in the range from 0 to 60. As can be seen from this figure, the
IEDF has a bimodal structure with two pronounced peaks at
the points �i=0 and �i=eV0. The low-energy peak decreases
and the high-energy peak increases as A increases. The
analogous ion spectrum was obtained in �28�, in which the
IEDF was numerically calculated in the specified electric
field. Analyzing expressions �28�, �30�, and �32�, we can also
find that the IEDF should have singularities at �i=0 and �i
=eV0 because of the zero derivative d�i /d at these points.

B. Dual frequency discharge: Intermediate frequency
regime

In this section, the analytical solution for the IEDF in the
DF discharge is considered in the IF case. This task is di-
vided into two steps. First, the rf field will be averaged over
HF, and then the procedure described in Sec. A for the LF

FIG. 2. Analytical IEDF in the SF discharge as a function of
normalized ion energy �i /eV0 and parameter A=m�2sm

2 /2kTi

= ��2 /�i
2��eV0 /kTi�; the low-frequency regime ���i is

considered.
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case will be repeated using the coarser time scale t̄. In this
time scale, instead of the sheath boundary s1�t� that oscillates
fast with the frequency �h, we introduce two boundaries
sp�t̄� and se�t̄� that are envelopes of s1�t� �see Fig. 3�. sp�t̄� is
the boundary between the bulk plasma and the transition
zone where the rf field is averaged over HF, se�t̄� is the
boundary between the transition zone and the positively
charged space, and the last one is nearer to the electrode. The
ion energy gained in the sheath is evaluated by formula �11�
as before, but the equation of the boundary motion before
averaging over HF in the DF case is determined from Eq.
�3�. Let us rewrite Eq. �3� in the following form:

s1�t� =
sm

2
��l�1 + cos �lt� + �h�1 + cos �ht�� , �33�

where �l=Vl / �Vl+Vh�, �h=Vh / �Vl+Vh�.
Then the ion energy �11� in the DF case is

�i = e�
s1�t�

0

E�x,t�dx = eV0
s1

2�t�
sm

2

=
eV0

4
��l

2�1 + cos �lt�2 + 2�l�h�1

+ cos �lt��1 + cos �ht� + �h
2�1

+ cos �ht�2� , �34�

where V0=Vl+Vh.
After the averaging of Eq. �34� over HF, the ion energy in

the time scale t̄ is

�i�t̄� =
eV0

4
��l

2�1 + cos �lt̄�2 + 2�l�h�1 + cos �lt̄� +
3

2
�h

2� .

�35�

Then we can write the equations for the outer and inner
boundaries se�t̄� and sp�t̄� as follows:

se�� =
sm

e

2
�1 + cos��� , �36�

sp�� = sm
p +

sm
e

2
�1 + cos��� , �37�

where �lt̄=,

sm
e = �lsm, sm

p = �hsm. �38�

In that way, the ion energy is

�i =
eVl

�l
�3�h

2

8
+ �h

se��
sm

+
se

2��
sm

2 � . �39�

The subsequent computations are analogous to the SF
case. Similar to the SF case, the IEDF calculations in the DF
discharge are based on expressions �4� and �5�. In the DF
case, only the ions coming in phase  to the external enve-
lope sp�� are taken into account. Then, instead of Eq. �18�,
we have

� 
 �min =
�l�sm − sp���

 + 2�
=

�l�sm
e − se���

 + 2�
. �40�

The dimensionless parameter � in the DF case is

� =
se��

sm
e =

1

�l

se��
sm

. �41�

From Eqs. �39� and �41�, we can obtain

� = −
�h

2�l
+

1

�l

� �i

eV0
−

�h
2

8
. �42�

Parameter � should satisfy the following conditions:

0 � �, � � 1. �43�

From the first inequality, we can obtain

�i
min =

3

8
�h

2eV0, �44�

and the second condition gives

�i
max = �3

8
�h

2 + �h�l + �l
2�eV0. �45�

Thus, the range of ion energies is substantially different in
comparison with the SF case.

The energy derivative of � has the form

d�

d�i
=

1

�leV0

1

2��l + �h
. �46�

As in the SF discharge, the IEDF is determined by formulas
�28�–�32�, but in the DF case

�min = �lsm�l fk���, k = 1,2,3, �47�

C1��� =
C

eV0

�i

�l�l

1

�2�l� + �h����1 − ��
,

FIG. 3. Diagram of the moving sheath boundary s1�t� averaged
over HF in the DF discharge. se�t̄� and sp�t̄� are the inner and outer
envelope curves; sm is the maximum sheath width.
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A =
m�l

2sm
2 �l

2

2kTi
= �l

2�l
2

�i
2

eV0

kTi
. �48�

Besides the ion energy range, the DF case has another dif-
ference in comparison with the SF case: the second param-
eter �l characterizes the relative contribution of the low and
high frequencies.

Figure 4 shows the IEDF as a function of parameter �l. As
can be seen from this figure, the spectrum width decreases as
�l decreases, and in the extreme points it comes to the SF
limit. It forms the LF case if �l=1, or the HF case if �l=0.

Figure 5 presents the dependence of �i
min �solid line� and

�i
max �dashed line� on parameter �l.

IV. NUMERICAL SIMULATION

In order to validate the results of the analytical theory, the
IEDF was also calculated by using two numerical models.

The first model is a semianalytical extension of the present
analytical model. It takes into account the ion collisions with
neutrals in the sheath. The second one is a self-consistent
numerical model of rf discharge based on the PIC MC ap-
proach that allows the simulation of the IEDF formation in
the sheath in a situation closest to the real experiments.

A. Semianalytical model

Similar to the above-presented analytical model, the semi-
analytical model includes expression �1�, describing the elec-
tric field distribution in the sheath, and Eqs. �2� and �3� of the
moving bulk-sheath boundary. The ion collisions with neu-
tral atoms are treated with the MC algorithm.

Ions are generated at the plasma-sheath boundary sm, and
the Maxwellian distribution of ion velocities is assumed with
the ion temperature typical for the plasma bulk. Then, ions
move through the sheath in the variable electric field E�x , t�.
When an ion impinges on the electrode, its energy is taken
into account in the IEDF calculation.

The present semianalytical model may be expanded for an
arbitrary electric field distribution and nonsinusoidal motion
of the sheath boundary. In this work, we assume the homo-
geneous ion density in the sheath, and formulas �1�–�3� are
valid in this case.

The probabilities of ion-neutral collisions are calculated
using the elastic cross section and charge transfer cross sec-
tion for Ar+ �46�. Usage of this set in swarm studies is de-
scribed in �48�.

B. Self-consistent PIC MCC model

In this work, we use the PIC MCC model of the rf dis-
charge that was described in detail in �20�. The charge trans-
fer cross section and elastic cross section for Ar+ were taken
from �46�. The total input power is used as the input param-
eter in the SF case, and in the DF discharge, the total input
power and the LF voltage Vl are supposed to be known. The
applied voltage was chosen as a sinusoidal function V
=V0 sin �t in the SF case and as a sum of two sinusoids V
=Vl sin �lt+Vh sin �ht in the DF case. The Vh value �or V0 in
SF� is adjusted during the calculations until the total input
power equals the specified value. It should be noted that V0,
Vl, and Vh are the voltages at the electrode �i.e., an external
circuit is not considered here�.

V. COMPARISON OF THE ANALYTICAL THEORY AND
THE RESULTS OF THE NUMERICAL SIMULATION

In this section, the analytical IEDF will be compared with
the results of the PIC MCC model and the semianalytical
model. Since the obtained IEDF structure is qualitatively the
same for all presented models, we will further focus on the
quantitative analysis of the IEDF characteristics as the spec-
trum width �FWHM�, positions of the IEDF peaks, and their
height. We will also try to reveal the basic factors that deter-
mine the IEDF structure.

The main discharge parameters are presented in Table I.
Figure 6�a� shows the IEDF obtained in the PIC MCC simu-
lation of the DF 1.76 /81 MHz discharge at an HF voltage of

FIG. 4. Analytical IEDF in DF discharge as a function of nor-
malized ion energy Ei /eV0 and parameter �l=Vl / �Vl+Vh�; the in-
termediate frequency regime �h��ion��l is considered.

FIG. 5. Positions of the low-energy �solid line� and high-energy
�dashed line� peaks of the IEDF in the DF case, calculated with the
analytical model as functions of �l; the intermediate frequency re-
gime �h��ion��l is considered.
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Vh=250 V and three different values of the LF voltage Vl
=50, 100, and 150 V. The Ar pressure is equal to 20 mTorr
in all calculations. Figure 6�b� presents the results of the
semianalytical model for the same discharge conditions.

The location of the IEDF peak in the SF case is deter-
mined by Up, as shown in Sec. II. Figure 6�b� illustrates that,
in the DF discharge, the low-energy peak is also located near
the energy corresponding to the plasma potential of the SF
discharge �7� but it is slightly shifted to the lower energies. It

can easily be understood since expression �44� can be trans-
formed to the following form:

�i
min = �heUp

single, �49�

where Up
single is the plasma potential in the SF discharge �7�,

and its value is determined by Vh. It should be noted that
both the plasma potential �7� calculated according to the lin-
ear theory and the plasma potential in the DF discharge �19�
�see Table I� are somewhat lower than the plasma potential
obtained in the self-consistent PIC MCC model. Indeed, for-
mula �7� takes into account only the positive charge oscilla-
tions in the sheath, and the possible influence of the plasma
bulk is beyond the limits of this model. In reality, the ions
may enter the sheath with much higher than thermal veloci-
ties because of the acceleration in an ambipolar potential.
The resulting correction to the plasma potential is evaluated
by the following formula �49�:

Vfl 

1

2

kTe

e
ln��Mi

2me
� . �50�

In the case of Ar plasma, formula �50� gives

Vfl 
 5.8kTe/e . �51�

Here Te is the electron temperature near the sheath region. In
the PIC MCC simulation, kTe is about 2–4 eV, and Vfl may
achieve values up to 20 V. Although it is small in compari-
son with Vl and Vh, the influence of Vfl may be noticeable in
the exact calculation of the IEDF peak positions.

As can be seen from formula �49�, the shift of the low-
energy peak is determined by �h, i.e., the HF component of
the applied voltage. In the conditions illustrated in Fig. 6, the
HF component is high enough: 0.63��h�0.83. As a result,
the positions of the low-energy peaks of the IEDF in Figs.
6�a� and 6�b� are close enough. It should be noted once more
that, in contrast with the SF case, the positions of the low-
energy and high-energy peaks in the DF discharge do not
correlate with the plasma potential Up

dual.
Figures 7�a� and 7�b� present the series of the IEDF cal-

culated at a constant LF voltage Vl=100 V and three differ-
ent values of Vh=150, 250, and 350 V. It can be seen from
these figures that the position of the low-energy peak
changes essentially as Vh is changed, whereas the spectrum
width remains almost constant. In that way, according to Eq.
�49�, the position of the low-energy peak is controlled only
by the HF voltage.

TABLE I. DF 1.76 MHz–81 MHz discharge parameters. Up
PIC—plasma potential from the PIC modeling,

Up
calc= �3 /8�V0− �V0 /4��l�h+ �kTe /e�—analytic plasma potential �19�.

Discharge parameters PIC MC
results

UP
PIC �V�

Analytical
model results

UP
calc �V�Vl �V� Vh �V� V0 �V� �l �h

100 150 250 0.40 0.60 100 81.5

100 250 350 0.29 0.71 140 116.2

100 350 450 0.22 0.78 180 152.2

50 250 300 0.17 0.83 128 105.1

150 250 400 0.37 0.63 150 129.5

(b)

(a)

FIG. 6. �a� IEDF in the DF discharge calculated with the PIC
MCC model at the constant HF voltage of Vh=250 V and different
LF voltages Vl=50, 100, and 150 V. �b� IEDF in the DF discharge
calculated with the semianalytical model at the constant HF voltage
of Vh=250 V and different LF voltages Vl=50, 100, and 150 V.
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Let us analyze the spectrum width and position of the
high-energy peak in the DF discharge. Figures 6 and 7 illus-
trate that the bimodal structure of the IEDF and the spectrum
width depend on Vl. The analytical expression for the spec-
trum width can be found as the difference between Eqs. �44�
and �45� as follows:

�� = �i
max − �i

min = eVl. �52�

The corresponding values of �� are presented in Table II.
The data presented in Table II also indicate that the ion ac-
celeration in the ambipolar potential has an essential influ-
ence on the IEDF structure. The positions of the IEDF peaks
obtained in the semianalytical model, taking into account
correction voltage Vfl, agree well with the PIC MCC results.
Nevertheless, it is evident that the higher ion energy at the
plasma-sheath boundary should also affect the IEDF at the
electrode. In order to test it, we performed the additional
simulation by using the semianalytical model, in which the
initial ion energy at the plasma-sheath boundary was speci-
fied according to Eq. �51�. The result of this simulation is
presented in Fig. 8 along with the PIC MCC results at the
same conditions: Vl=100 V and Vh=250 V. The two ion
spectra are almost the same in this case, as can be seen from
Fig. 8.

The positions of the IEDF peaks obtained in the analytical
theory differ from the simulation results. The analytical low-
energy peak is shifted to lower energies and the high-energy
peak to higher energies. Thus, the analytical spectrum width
is about 15–20% more in comparison with the numerical
models. The main reason for this discrepancy is the oversim-
plification of the ion motion in the sheath in the analytical

(b)

(a)

FIG. 7. �a� IEDF in the DF discharge calculated with the PIC
MCC model at the constant LF voltage of Vl=100 V and different
HF voltages Vh=150, 250, and 350 V. �b� IEDF in the DF dis-
charge calculated with the semianalytical model at the constant LF
voltage of Vl=100 V and different HF voltages Vh=150, 250, and
350 V.

TABLE II. IEDF parameters

Discharge
parameters PIC MC

Semianalytical
model Analytical model

Vl, �V� Vh �i
min �i

max �� �i
min �i

max �� �i
min �i

max ��

100 150 61.8 134 78 46 119 79 33.8 136.5 100

100 250 99.4 173 82 81 152 80 69.4 170.5 100

100 350 140 209 83 119 186 86 105.2 204.5 100

50 250 104 134 43 89 118 39 80.8 131.5 50

150 250 101 211 118 75 189 130 62.0 210.4 150

FIG. 8. IEDF in the DF discharge calculated with the PIC MCC
model and the semianalytical model �taking into account the correct
ion velocity at the sheath boundary; see the text� at HF and LF
voltages of Vh=250 and Vl=100 V, respectively.
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model. We assumed that the ions reach the electrode imme-
diately after they enter the sheath region with high electric
fields. This is simplification due to the LF limit. In reality,
the electric field in the sheath is relatively low for the ions
that run into the moving boundary in phase 
0. As a re-
sult, they do not have time to accelerate and are “overtaken”
by the plasma phase again. Thus, these ions will reach the
electrode only after one rf cycle and contribute to the low-
energy peak of the IEDF �instead of the high-energy peak as
in the present analytical model�; therefore, they shift the low-
energy peak toward higher energies.

It is interesting to make a qualitative comparison of the
present analytical model and the other analytical models that
are frequently used for the analysis of experimental data.
One of these is the model described in �7–9� for the high-
frequency limit. The ion spectrum in �7� has the form

F��i� =
2�i

�l��
�1 − � 2

��
�2

��i − eV̄s�2�−1/2
, �53�

and the spectrum width is evaluated by the formula

�� = eV̄s
8�2

3s̄�l

�2eV̄s

M
�1/2

. �54�

Here V̄s is the average sheath potential, s̄ is the average
sheath width, �2�1 is the model parameter, and M is the ion
mass. The dependence of the spectrum width on the ion mass
in Eq. �54� in the high-frequency limit is one of the main
differences between the two models. As follows from Eq.
�52� in the intermediate-frequency case �l��i��h, the
spectrum width is determined by the LF voltage.

The second conclusion of the model �7–9� is that the

IEDF at the electrode is symmetrically centered near eV̄s.
The above-described analysis shows that it is not correct for
intermediate frequencies. This is also confirmed by the re-
sults of the numerical simulations presented in this paper, in
�12,20�, and also by the experimental data �20�. In that way,
for the analysis of the IEDF structure, it is important to as-
certain which frequency regime is realized in the specific
case. It may depend on the rf frequencies ratio, ions mass,
HF and LF voltages, and other discharge parameters.

Finally, let us state briefly the influence of ion-neutral
collisions on the IEDF. In general, the ion collisions result in
the homogeneous low-energy tail in the ion spectrum. This
can be seen from the comparison of Fig. 4, in which the
results of the collisionless analytical model are shown, and
Figs. 6 and 7, which present the results of the PIC MCC and
semianalytical models, taking into account ion collisions.

VI. CONCLUSIONS

In this paper, the analytical model of the IEDF formation
in the sheath of the DF discharge is presented for the
intermediate-frequency limit �l��i��h. This regime is
most interesting for technological applications. The resulting
analytical IEDF was compared with the IEDF calculated by
using the PIC MCC model of the DF discharge as well as
with the results of the semianalytical model. We can con-
clude that the analytical approach can be successfully ap-
plied for such complicated tasks along with computationally
expensive numerical models. The presented analytical model
for the DF plasma in the IF case was developed for the first
time. In spite of the used simplifications �linear sheath
model, constant ion flow�, this model allows us to obtain the
qualitatively correct IEDF. Analytical expressions for the
IEDF peaks position and IEDF width for the IF case allow us
to reveal parameters which affect the width of the ion spec-
trum. Note that the influences of low-frequency voltage on
the IEDF width were observed earlier �11�, but the analytical
formula was not received previously. The quantitative com-
parison with the numerical models reveals some drawbacks
of the analytical model that nevertheless may help to im-
prove it in future work. One of the prospective improve-
ments is a more correct description of the ion motion in the
sheath. Another one is taking into account the initial ion
velocity at the plasma-sheath boundary caused by the ion
acceleration in the ambipolar field.

Finally, let us discuss the idea of frequency decoupling
relating to the ion spectrum. The analysis of the obtained ion
spectra has shown that pure frequency decoupling is difficult
to reach. The spectrum width indeed depends mainly on the
LF voltage �without considering ion collisions�, but the ab-
solute ion energies and the positions of the IEDF peaks on
the energy scale depend on the HF voltage and parameter �h
characterized the ratio of the HF and LF voltages. In that
way, even when the electron heating and resulting plasma
density are controlled by the HF power, it seems impossible
to exclude the influence of the HF power in the ion spectrum.
Nevertheless, it is possible to control this influence, and the
aim of this work was to find possible ways to do so.
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